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Abstract
Motivated by the fact that upper solution bounds of the continuous Lyapunov
equation are valid under some very restrictive condition, an attempt was made to
extend the set of Hurwitz matrices of which such bounds are applicable. It is shown
that the matrix set for which solution bounds are available is only a subset of another
stable matrices set. This helps to loosen the validity restriction.
Key words: continuous Lyapunov equation, Hurwitz matrix, singular value
decomposition, solution upper bounds

Introduction. The continuous algebraic Lyapunov equation (CALE) has been
widely used in engineering theory. Although there are many numerical algorithms to
obtain a solution, sometimes only its estimate is needed. For instance, one can esti
mate a stability margin for real polynomials using some of the available bounds [6].
An estimate-based approach to study robust stability and performance analysis of un
certain stochastic systems was suggested in [1]. Lyapunov equations have been used
in atmospheric science applications [9], where a distinguishing property of the coeffi
cient matrix A is its large dimension which leads to impossibility for direct solution.
Therefore, for practical purposes it is desirable to determine reasonable estimates.
The estimation problem for the CALE has attracted considerable attention in the
past three decades. Excellent summaries on this topic were given in r4 , 51 comprising
various lower and upper bounds for the largest eigenvalue, the trace, the determinant,
the solution itself, etc. In practical applications, especially for stability analysis, upper
bounds are desired.
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In most cases, the existing upper bounds are valid under some, unfortunately very
restrictive assumptions, e.g. AT + A must be negative definite. Since stability of A does
not guarantee this requirement, the respective estimates are useless for a large set of
stable matrices.
This fact motivated the authors of this paper to investigate the conditions under
which it is possible to have valid upper bounds for solution of the CALE in cases when
the existing bounds do not hold.
In other words, the results presented here extend the set of stable matrices A for
which upper bounds for the largest eigenvalue, the trace and the solution matrix are
valid.
This paper is organized as follows. The best known solution upper scalar bounds,
when AT + A is a negative definite matrix and a recent result (based on the usage of
similarity transformation) guaranteeing upper bounds validity for any Hurwitz matrix
A are recalled in Section 2. Section 3 contains the main results consisting in extending
the set of Hurwitz matrices for which upper matrix, maximum eigenvalue and trace
bounds for the solution are valid (Theorem 3.1 and Lemma 3.2). This is achieved via
the singular value decomposition of matrix A.
2. Notations and preliminaries. In what follows, the given below notations
will be used. H is the set of Hurwitz (negative stable) matrices, As = AT + A and
A > B, A 2: B means that A - B is a positive definite and positive semidefinite
matrix, respectively. The eigenvalues (when real) of an n x n matrix A are denoted
by A1(A) 2: A2(A) 2: ... 2: An(A) and A1(As) == J.L(A). The maximum and minimum
singular values of a matrix A are 0"1 (A) and O"n (A), respectively. The maximum real
part of the eigenvalues of a matrix A is K;(A) and I is the identity matrix.
Consider the CALE

(1)

ATP

+ PA + Q = 0,

A E H, Q> 0

with respect to the unknown (positive definite) matrix P. If J.L(A) < 0, the best known
upper scalar solution bounds are:

(2)

n

(3)

tr(P) :S to =

-

L[Ai(Q)/Ai(A s)]

[3].

1

Let T be a nonsingular matrix, denote A(T) = T AT- 1 and define the matrix set

H- == {A(T) : J.L[A(T)] < O}.
Equation (1) can be written in a modified form as
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For any given matrix A E H, A 1:- H-, there exists matrix T such that A(T) E H-.
This well-known fact is used in [1] to apply bounds (2), (3) for P in (4) and then to
get estimates for P in (1).
It is also possible to get a matrix bound. Since A(T) E H-, using Lyapunov's
stability argument, it can be easily shown that

(5)
and then scalar bounds for >'1 (P) and tr(P) are easily obtained.
The estimation problem for P has three important aspects: (i) restrictions on
matrix A, (ii) computational burden and (iii) tightness of the bounds. Bounds based
on equation (4) eliminate problem (i), but require the determination of matrix T, the
selection of which to obtain the tightest bound is an open and difficult question.
Matrix T is obtained by some additional computational procedure and in this
sense P = TTT, Il(P A) < 0, is said to be an external Lyapunov matrix (ELM) for A.
An internal Lyapunov matrix (ILM) is a matrix which can be defined entirely in terms
of A. E.g., if A E H-, then P = AT A is an 1LM for A.
This paper is an attempt to overcome to a certain extent the above-mentioned
difficulties concerning bounds based on ELM. This is closely related with the definition
of an extension Rof the conservative set H- in sense that, if A 1:- H-, but A E R, there
exists 1LM for A. This will help to avoid the computation of an ELM which, as the
order of A increases, may cause difficulties comparable with the solution of the CALE
itself and thus make the respective bounds practically inapplicable.
3. Main results. Using the singular value decomposition (s.v.d.) of the coefficient
matrix in (1), i.e. A = UL:V T, UU T = VV T = I and L: is a positive diagonal matrix,
it is always possible to present it as a product of two matrices, i.e.

Denote

(6)

A(T) = F(T)P1 (T) = P2(T)F(T).

Define the matrix set

R== {A(T)

: F(T) E H}.

Theorem 3.1. Denote S(T) = TTH(T)T. For any matrices A E Hand nonsin
gular T one has
(a) Ad(TTTA)sS-l(T)] ~ 2,.;;[F(T)],
(b) H- ~ R,
(c) A(T) E R<=? Jl[S(T)A] < O.
Proof. Having in mind (6) one gets
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Since J.L(X) :2 2h:(X) for any matrix X [2] it follows that

J.L(X) = J.L[PI-l/2(T)T- l/2(T)] = AI[(TTTA)sS-l(T)] :2 2h:[F(T)]

=;>

(a).

Assertion (b) follows immediately, i.e. A(T) E H- {::} J.L[A(T)] < 0 {::} J.L(TTTA) <
o{::} J.L(X) < 0 =;> F(T) E H =;> A(T) E R=;> (b).
Finally, F(T) is unitary and hence normal matrix, or

A(T) E

R{::} 0 > 2h:[F(T)] = J.L[F(T)] = J.L[A(T)Pl-l(T)] {::} J.L[S(T)A] < 0 =;> (c).

Corollary 3.1. For any T, such that P = TTT is an ELM for A, S(T) is also an
ELM for A.
Since the main purpose is to get ILM, let T = I, i.e. A(I) == A, F(I) == F,
S(I) = H (I) == Pl. Then, the assertions of Theorem 3.1 become:
Corollary 3.2. For any matrix A E H one has
(a) Al(AsPl- l) :2 2h:(F),
(b) A E H- =;> A E R,
(c) A E R{::} J.L(HA) < 0 {::} J.L(P2- l A) < O.
In other words, A E R, if and only if, (ATA)1/2 and (AA T)-1/2 are ILM for A.
Denote Sl = (PlA)s, S2 = (P2- lA)s, J.Li = Al(-QSi-l), i = 1,2, R l = J.LlH,
R2 = J.L2P2-l.
Corollary 3.3. Let A E R. The solution P in (1) has the following upper matrix
bounds

(7)
Proof. If A E R, then (Corollary 3.2, assertion (c)) one has 0 > S, =;> 0 :2
J.LiSi + Q =;> 0 :2 [(Ri - P)A]s =;> R - P :2 0, i = 1,2 =;> [o:Rl + (1 - 0:)R2] :2 P, for
any 0: E [0,1].
Matrix bound (7) is a generalization of the upper estimate presented in [8].
Lemma 3.1. If A E R, the maximum eigenvalue and the trace of P in (1) have
the following upper bounds:

(8)

(9)

tr(P) ::; t: = min[t~, t~, t~, t~, t],

where
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and

Proof. Consider the matrix bound (7). Then

Consider (1). Having in mind that S, < 0, i

QD:: 1

= 1,2,3, one has

= _ATP D:: 1 - PAD::!, i = 1,2,3.

Application of the tr operator results in

and bounds t, t~', i = 1,2 are proved.
The upper trace boun~ t~ was proposed in [7].
The requirement A E H is less re~trictive in comparison with the assumption that
A E H-, due to the fact that H- ~ H. Therefore, the presented here bounds (7), (8)
and (9) are less conservative with respect to the validity restrictions imposed on matrix
A by the existing estimation approaches.
5. Conclusion. Extending the set of Hurwitz matrices for which upper solution
bounds for the CALE are valid is the topic of this paper. The available bounds require
that A E H- (set of matrices with negative definite symmetric parts), which is a
very restrictive condition. Applying an s.v.d. approach, any nonsingular matrix can be
represented as a product of a unitary matrix F and a positive definite matrix. It is
proved in Theorem 3.1 that
(i) H- ~ R (set of matrices with stable unitary parts F),
(ii) A E R{:} (AT A)1/2 and (AA T )- 1/2 are ILM for A.
This helps to get the proposed here upper matrix and scalar solution bounds
(Corollary 3.3. and Lemma 3.1.).
The main contribution of this work consists in the attempt made to overcome
some well-known difficulties concerning solution bounds for the CALE, such as hard
validity restrictions and additional computational burden when the ELM approach to
get estimates is used.

REFERENCES

[1] FANG Y., K. LOPARO, X. FENG. IEEE Trans. on Automatic Control, 42, 1997, No
3, 408-411. 12 ] ,HORN R., C. JOHNSON. Topics in matrix analysis, Cambridge University
Compt. rend. Acad. bulg. Sci., 59, No 9, 2006

937

Press, Cambridge, 1991. [3] KOMAROFF N. IEEE Trans. on Automatic Control, 37, 1992,
No 5, 337-341. [4] KWON W., Y.MOON, S. AHN. Int. .1. Control, 64, 1996, No 3, 377-389.
15] Moat T., 1. DERESE. Ibid., 39, 1984, No 2, 247-256. [6] Mont T., H. KOKAME. IEEE
Trans. on Automatic Control, 47,2002, No 10, 1767-1770. [7] SAVOV S., 1. POPCHEV. Ibid.,
49,2004, No 10, 1841-1842. [8] Id. Compt. rend. Acad. bulg. Sci., 58, 2005, No 9,1039-1042.
9] TIPPETT M., D. MARCHESIN. Automatica, 35, 1999, 1485-1489. [10] YASUDA K., K.
HIRAI. IEEE Trans. on Automatic Control, 24, 1979, No 6, 483--487.
1

Institute of Information Technologies
Aead. G. Bonchev Str., Bl. 2
1113 Sofia, Bulgaria

938

S. Savoy, 1. Popchev

