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1. Introduction

Fuzzy relations and fuzzy numbers are the basic concept in the following multicriteria
decision making problem. Let A = {a 1 , •••, an} be the fmite set of alternatives evaluated by several
fuzzy criteriaK = {k 1 , •••, k m } , i.e. these criteria give fuzzy relations {R 1 ,R2 , ••• , R m } between each
couple of alternatives. When the cardinality n of A is small, the relations may be represented by
the nxn matrices R k =11,uk(apaj)ll, i,j=1, ...,n,k=I,...,m , where ,uk:AxA~[O,I] is the
membership function of the relation R k and ,uk (apa) is the membership degree to R k obtained
from comparing alternatives a j and a j by criterion kk' If ,uk (apa j ) =0.5, this indicates
indifference between a j anda j , ,uk (aj,a j ) =1 indicates that a j is absolutely preferred to aj'
and ,uk (a p a j ) > 0.5 indicates that a j is preferred to a j by the k-th criterion. In this case, the
preference matrices R k , k

= I,..., m

,uk(apa j ) + ,uk(aj,a) = I, i,j

are usually assumed to be additively reciprocal, i.e.

= I,... ,n.

(1)

Let the set of weighted coefficients (weights) of the criteria K = {k 1, •••, k m} consists of
trapezoidal fuzzy numbers (t.f.n.)
w~ ~

1

W= {»\,...,Wm}' Le. wk = (w~, wi ,wi, w:), k = 1,2,..., m

wi ~ wi ~ w:. The membership function of w is [14, 15]:
k
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o
f(x)
P Wt (x) =

w~ S; x S;

wi,

1
g(x)

<x S; w~
f(x) is an increasing function
wi S; x S; wi

-00

w~ S; x S; w:,

(2)

g(x) is an decreasing function

o

w:S;x<+oo
The setting problem in this multicriteria decision making model is connected with
aggregation of fuzzy relations by the individual criteria taking into account the given importance
of the criteria. The aggregated relation has to possess properties required to solve problems for a
choice of set of the "best" alternatives or to rank them from the "best" to the "worst" ones. The
following models for solving this problem will be considered:
- the fuzzy numbers corresponding to the criteria importance are directly used in the
computation of the aggregated relation,
- these numbers are transformed in an appropriated form for the aggregation.
The aggregation procedures have to be chosen according to the method for using fuzzy
numbers. Aggregation operators may perform these procedures. Very good studies of the
aggregation operators, by presenting the characteristics, the advantages and disadvantages of each
operator and the relations between them, are available in [10, 19]. The choice of an operator for
specific application depends on various factors [17], e.g. type of value scale used for given
criterion: bipolar or not, quantitative or qualitative. In each case, some aggregation operators look
more plausible or feasible than others. Some choice has to be made according to, e.g.:
the mathematical model of the operators,
the properties of the operators for deciding problems of ranking or choice,
the sensitivity of the operators for small variations of their arguments.
2. Aggregation of sequences from fuzzy numbers
Let Agg denotes an aggregation operator. Each membership degree Pk(a,b) to the relation R k
may be transformed using weights (fuzzy numbers) as follows [32]:
t('ff,k,Pk(a,b)) = jik(a,b), a,b E A, i = l,... ,m.
(3)
where t is or a t-norm and ~k =

wk or t is a t-conorm and 'ff,k =1- Wk' Taking into account the

operations with fuzzy numbers and different t-norms, it follows that jik(a,b) is a fuzzy number,
as well. The aggregation of
operators [29]

'A (a,b), k = l,... ,m

may be done with the help of aggregation

Agg(iil(a,b),...,iim(a,b)) = pW(a,b).

(4)

The methods for computing the aggregated fuzzy numbers are different depending on the
selected operator and the type of fuzzy numbers [29].
Example 2.1. Consider two normalized fuzzy numbers, Le. w; E [0,1], k = l,... ,m, s = 1,...,4,

WI

= (0.4, 0.6,0.8,0.9) and

Wz = (0.2, 0.3, 0.4, 0.7)

(5)
as weights of the fuzzy criteria k l and k 2 , evaluating four alternatives by fuzzy relations R[ and
Rz . One can verify that these relations are additively transitive and reciprocal.
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(6)

0.4 0.5

Using t-norm t(x,y) = xy in (3) and the aggregation operator Weighted Mean
m

(7)

pW(a;,a j ) = LWkPk(a;,a j )
k=\
one has: p W(al'a 2 ) = w I P,(a l ,a 2) +w2P2(al'a2 ) = (0.28, 0.42, 0.56, 0.705).

3. Transformation of fuzzy numbers
There exist different methods for transformation of fuzzy numbers. These may be classified as:
- using ranking function,
- computing fuzzy relation between them.
3.1. Ranking function approach
The first approach [2] consists in a determination of a ranking function F mapping each fuzzy
< , = , > W1"
number onto the real line. This function is such that if F (w;) < , = , > F(wj ), then

w;

This approach has been followed by many authors, e.g. [2, 3, 11, 16,22,28,39, etc]. The new
weighted coefficients using these approaches are real numbers F (w; ), i = 1,..., m. Some of these
methods use an index of optimism a (degree of risk of the decision maker), i.e.
F(w;) = a F.(wj ) +(1-a)F2(w;), a E[O,I].
(8)
This index of optimism is useful in cases of weighted aggregation taking into account the basic
m

m

;=.

;=\

condition LF(w;) = 1, i.e. L(a ~(w;)+(I-a)F2(w;) = 1. The coefficient a is computed as
follows, then:
m

1- LF2 (w j )
a =

-------';-=-'-\---

(9)

f~(w;)- fF2 (w;)
;=\

;=\

If the condition for weighted aggregation is

m~{F(w;)}

= I [32], then new weights have to be

I

computed. For example, let

m~{F(w;)} =
I

F(wk ) , then the newly computed weighted

.
. F'(F(w;) . - 1,... ,m.
coeffiClentsare.
w; ) ---_-,1F(wk )
Example 3.1. Consider the two fuzzy numbers (5). One of the approaches with index of
optimism is the G-index (geometrical index) [28]. According to it
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2

Fz(W.)=w~_(w:-w:)+(w:-W;)x
"

1.
[(w;z_w:)z+l]X

2

Computed G-indexes for wJ and Wz are:
F(w l ) =a 0.748+(l-a)0.557 and F(wz ) =a004874+(l-a)0o402
Then
a=0.1483, F(w l ) =0.585, F(w z ) =0.415 and as it is seen F(wl ) + F(wz)=l.
If the condition m~{F(w;)} = 1 is required, then F'(w,) = 1, F'(wz ) = 0.7094.

(10)

from

(9)

I

3.2. Comparison index approach
A fuzzy relation between given fuzzy numbers is obtained by using these methods. They are
based on the idea, that the property "a fuzzy number is not worst then anothec" is a linguistic
property and every decision maker or expert measures such a property in a personal way. Methods
for comparing couples of fuzzy numbers by computing the corresponding degrees of preference
may be found in [4, 9, 12,23,24,26,40, etc.]
Let W = IIw(wp wj

)11 = Ilwyll, i,j = l,...,m

be a fuzzy preference relation, where w(wp wj

the preference degree between the fuzzy numbers

)

is

w; and w corresponding to the importance of
j

criteria k i and k r The relation W has to possess some properties required in the aggregation
procedure. Some of these properties are e.g. reflexivity, reciprocity, transitivity. For example, the
relation obtained in [9] is antireflexive, antisymmetrical and max-min transitive, the one
computed by the approach suggested in [4] is reflexive and reciprocal.
Example 3.2. Compute the preference relation between the above fuzzy numbers (5) with the
help of method suggested by Chen [4], because it gives a relation possessing properties required
for the aggregation procedure, presented in section 4.2. Computations are made following the
algorithm given in this paper:
l. Compute WI - Wz = (0.2, 0.3, 004, 0.2) = (b l ,b z ,b 3 ,b 4) ;
2. Let a o = 0, a l = 0.25, a z = 0.5, a 3 = 0.75, a 4 = 1;
3. Compute the a -cuts of WI -

wz , i.e.

Ii = at +a;(a z -al)' 'i = a 4 +a;(a 3 -.a 4), i = 1,2,3,4;
4. As it is seen, all Ii > 0, 'i > 0, i = 1,...,4 and therefore the negative sub-area of WI - Wz is
equal to O. Hence, the preference degree of WI over Wz is equal to l. It is proved that this relation
is reciprocal (1), that's why W

=[ 0.5

o

1] .

0.5

4. Weighted aggregation of fuzzy relations
The aggregation operators uniting fuzzy relations and the transformed weights of the criteria
importance are used below. Methods using aggregation operators are different according to the
transformed values of the fuzzy numbers.
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4.1. Aggregation with crisp weighted coefficients
The aggregation operators may be separated in two groups in this case:
- the weighted coefficients present in their mathematical models;
- the weights do not present in the aggregation operators' formula.
The dependence between the properties of the aggregated relation R obtained with the help of
the operators from the first group and the individual relations R t , k = 1,... ,m is represented in [5,
6, 7, 13, 30].
The properties of the weighted transformed aggregation operators from the second group are
investigated in [32]. Transformation of the membership degrees of the fuzzy relations taking into
account the weights are made with the help oft-norms and corresponding t-conorms.
A generalization of t-norms and t-conorms is the parameterized t-norms and t-conorms. Some
of the common t-norms and t-conorms can be obtained by varying the parameters in these
parameterized norms. Three families of parameterized t-norms and t-conorms: the Hamacher, the
Yager and the Weber-Sugeno are studied The relationships between these norms and the
common ones and their properties are given in [31].
Example 4.1. As it is computed in Example 3.1, the transformed fuzzy numbers (5) to the
real ones are F(w,) = 0.585, F(w 2 ) = 0.415. Using the operator Weighted Mean (7) and
relations from (6), the aggregated degrees are, e.g.
Ji W (al'a 2) = F(w t )Ji\(al'a 2) +F(w2)Ji2(a t ,a2) = 0.4463 and so on.
4.2. Aggregation by a fuzzy preference relation between the criteria importance
Let W be the preference relation between the criteria importance and {R(,Rz ,..., R m } be the
relations between the couples of alternatives. The aim is to use the whole information given
above to the fmal stage of the problem solution, without transforming the relation W into some
weighted coefficients.
To make a consistent choice or to rank the alternatives from the "best" to the "worst" one,
when assuming fuzzy preference relations, a set of properties to be satisfied has been suggested.
The consistency in this case has a direct effect on the ranking results of the fmal decision. The
study of consistency is associated with the concept of transitivity [20]. Let Ji: A x A ~ [0,1] be a
membership function of a fuzzy relation and a, b, e EA. Some transitivity properties are:
• Max-min transitivity [15]: Ji(a,e) ~ min(Ji(a,b),Ji(b,e));
• Max-max transitivity [36J: Ji(a,e) ~ max(JJ(a,b),Ji(b,e));
• Restricted max-min transitivity or moderate transitivity [36]:
Ji(a,b) ~ 0.5, Ji(b,e) ~ 0.5 => Ji(a,e) ~ min(Ji(a,b),Ji(b,e));
• Restricted max-max transitivity [36]:
Ji(a,b) ~ 0.5, Ji(b,e) ~ 0.5 => Ji(a,e) ~ max(JJ(a,b),Ji(b,e));
• Additive transitivity [36]: Ji(a, e) = Ji(a,b) + Ji(b,e) -0.5.
Characterizations and comparisons between these transitivity properties are suggested in [20].
The additive transitivity is a stronger property than restricted max-max one, which is a stronger
concept than the restricted max-min transitivity, but a weaker property than max-max transitivity.
The latter property is a stronger one than max-min transitivity, which is a stronger property than
restricted max-min transitivity. Methods for constructing fuzzy preference relations from
preference data are described in [1, 18, 20, 38J. Applying these methods it is possible to get
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consistency of the fuzzy preference relations and thus avoid from inconsistent solutions in the
decision making processes.
The dependences between the properties of the aggregated fuzzy preference relation and the
ones of the individual relations for this case are investigated in [6, 7,13,21,25,30,32,35].
4.2.1. Method with new fuzzy preference relation
Let Pj (a,b) be the membership degree from the comparison of the alternatives a,b E A to
the fuzzy preference relation Rj • Taking into account the relation W (see section 3.2.), a new
fuzzy relation Rij, i,j = l,... ,m between Ri and R j , Rj ;f:: R j with the following membership
degrees is suggested:
if a =b
0.5
(ll)
rif(a,b) = { S(T(wij,pj(a,b»,T(wjpp;<a,b») if a;f:: b
where T is a t-norm and S is a corresponding t-conorm.
The core idea used in (11) is that the comparison operator "pessimistically" combines the two
relations to obtain measures of match which can be after that "optimistically" united in an
overall result. Thus, if a t-norm provides the "pessimistic" combination, a t-conorm is a suitable
generalization of the concept of "optimistic" union. Since Rif = RJj , the number k of the new
relations will be equal to the combinations of two elements over m, i.e. k = m(m -1) .
1.2
Aggregation operators uniting these k relations can be used after that to obtain the aggregated
fuzzy relation giving a possibility to decide the choice or ranking problems. The transitivity is
one of the most important properties concerning preferences. The examples show that the
relation (11) does not preserve the max-min transitivity. But this kind of transitivity is a very
strong property imposed on a fuzzy relation according to [41]. Several useful definitions for
transitivity are suggested, which are compared in [37]. The weakest of all these definitions is the
max-L1 transitivity, Le. p(a,c) ~ max(O, p(a,b) + p(b,c) -1), a,b,c EA. It is shown that this is
the most suitable notion of transitivity for fuzzy ordering.
Proposition 4.2.1 [33] The relation (11) is max-L1 transitive if the relations Ri , i = l,... ,m are
max-min transitive and the relation W is additive reciprocal.
4.2.2. Aggregation of fuzzy preference relations by composition
The composition of two relations in an aggregation procedure is used. If the composition
possesses some properties required for solving the problems of ranking or choice, then it may be
used in such procedures. This gives one practical application of the composition.
Definition [27]. Let X and Y be fuzzy relations in Ax A and let T be a t-norm. The
composition X 0 Y of these relations with respect to T is the fuzzy relation on A x A with
membership function
p(aj,a j ) = PXoy(apa) = m:.x{T(px(aj,ak),py(ak,a j »}, i,j,k = l,...,n.
(12),
When T= min, then the composition is a max-min one. When T = xy, then it is a max-product
composition. X 0 Y can be obtained as the matrix product of X and Y. It has to be taken into
account that X 0 Y ;f:: Yo X in general.
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are fuzzy relations in A x A, where xii' y ii denote the

membership degrees of the comparison of the alternatives a j , a J

E

A to the fuzzy preference

relations X and Y , respectively. What kind of transitivity must possess both relations to have
their composition some transitivity properties? The examples show that the composition does not
preserve the transitivity properties, but it transforms the additive and max-max transitivity into
the max-~ one (see propositions 4.2.2, 4.2.3 below). Besides the composition of two restricted
max-min or max-max transitivity relations is not always a max-~ transitive relation.
Proposition 4.2.2. [34]. If two fuzzy preference relations are additively or max-max transitive,
then the composition of these relations is max-~ transitive.
Taking into account the relation W, a new fuzzy relation between X and Y with the following
membership degrees is suggested:
0.5
ifaj=a J
(13)
r(apa) = {
1 1
2
2·
,
S(T(w ,zii),T(w ,zii»
if a j a

"*

where from (12) ZI

Z2
Wi

=X

0

Y =Ilz~ll, z~

J

= ffi,F{T(xjk 'Ykj)},

= Yo X =Ilz~ll, z~ = m.F{T(Yjk ,xkj)}'

k = 1,2,...,n,

2

= w(k x' k y ), w = w(k y , k x) are the preference degrees to the criterion with a relation X over

Yand Y over X; respectively, T is a t-norm and S is a corresponding t-conorm.
The main idea used in (13) is that the composition of two relations compares the preference
degrees of the i-th alternative to all alternatives from the first relation with the preference
degrees of the all alternatives to the j-th alternative from the second relation and vice versa,
because the operation composition is not commutative. Then taking into account the relation W,
i.e. that Wi and w 2 are the preference degrees of the relation X over Y and Y over X,
respectively, a comparison operator is used that "pessimistically" combines the relations
W and Z 1 , W and Z 2 to obtain measures of match which can be after that "optimistically" united
in an overall result. Aggregation operators uniting these k = m(m -1) relations can be used after
1.2
that to obtain the aggregated fuzzy relation. The aim in this method is to use the whole
information given above up to the [mal stage of the problem solution without transforming the
relation W into some weighted coefficients. The following proposition is essential for this
purpose.
Proposition 4.2.3 [34]. If the relations ZI, Z2 are max-~ transitive ones and the relation W
is additive reciprocal, then the relation (13). is max-~ transitive for the couple of t-norms
(T = min, S = max) and (T = xy, S = x + y - xy).
5. Aggregated relations and orderings from different methods
The aggregated relations R are computed for weighted coefficients (5), relations (6) and
aggregation operator Weighted Mean (7) using data from the above examples.
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5.1. Aggregation of fuzzy numbers
The fuzzy preference relation R (the matrix from fuzzy numbers) is obtained according to
the method supposed in section 2 (see Example 2.1):

0.5
(0.32,0.48,0.64,0.895)
R=
(0.28,0.42,0.56,0.83)
[
(0.16,0.24,0.32,0.535)

(0.28,0.42,0.56,0.705)

(0.3,0.45,0.64,0.77)

0.5
(0.28,0.39,0.52,0.74)

(0.34,0.5 ~0.68,0.86)
0.5

(0.42,0.63,0.84,1.095)

(0.14,0.21,0.28,0.44)

(0.18,0.3 3,0.36,0.505)

0.5

Transforming the fuzzy numbers from this
has:
0.5
0.4924 0.5355
R,r = 0.6041
0.5
0.5998
0.5506 0.5055
0.5

(0,44,0,66,0,88,1,065)]
(0.46,0.69,0.92,1.16)

matrix using the G-index (10) and a = 0.5 one

0,7537]
0.8096 .
0.7555
0.3453 0.2894 0.3426
0.5
This preference relation is a fuzzy preorder (reflexive, 6-max transitive), according to [30],
where properties of the operator Weighted Mean are investigated. Then, the perfect antisymmetry
relation R' of R ir [26] is computed as
R(a,b) ~ R(b,a) ~ R'(a,b) = R(a,b) v R'(b,a) = 0 and therefore

l

a2

R'
-

a3

al

a4

a 2 [0.5 0.5998 0.6041 0,8096]
0.5
0.5506 0.7555
a3 0
0
0.5
al 0
0.7537'

a4 0
0
0
0.5
The relation R' is a fuzzy partial ordering according to defmition in [37] and it is obvious that
this relation is a fuzzy linear ordering [15], i.e.
a
0.5998) a
0.5506) a
0.7537) a 4
2

3

l

5.2 Aggregation with crisp weighted coefficients
The transformed weighted coefficients of the fuzzy numbers (5) are (see Example 3.1):
F(w1 ) = 0.585, F(w2 ) = 0.415. The membership degrees of the aggregated matrix R according
to the method presented in section 4.1 are (see Example 4.1):

0.5
0.5245 0.4925 0.68031
0.5537
0.5
0.5462 0.7340
R
0.6878'
0.5
- 0.5075 0.4538
[
0.3197 0.2660 0.3122
0.5
According to [30] for the properties of the operator Weighted Mean., it follows that this
preference relation is a fuzzy preorder. Therefore the corresponding perfect antisymmetry relation
R' and the linear fuzzy ordering of the alternatives from the set A are:
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az

R'=

TS

a4

a.

0.5462 0.5537

a3 0

0.734 ]
0.5075 0.6878
0.6803 '
0.5

0.5

0

0

a4 0

0

al
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0

az

0.546Z

)

a

0.5075
3

)

0.6803

a.

)

a .
4

0.5

53.Aggregation by fuzzy relation between the criteria importance
The fuzzy relation between the criteria importance (5) from Example 3.2 is W

=[0.5

°

1].
0.5

Therefore, the aggregated membership degrees of the relation R Z1 according to (11) are:
~~~= {

0.5

if a =b

S(T(1,,u1 (a,b»,T(O,,uz (a,b»)

= S(,ul (a,b),O) = ,u. (a,b)

.

If a

"# b

,

i.e. R. z = R•. But R. and R z are max-min transitive and W is additively reciprocal, therefore R z•
is Ll-max transitive (see Proposition 4.2.1). The perfect antisymmetry relation R' of R. is:
a.

az

a3

R'=

a4

a z [0.5 0.55 0.7 0.951
a3 0
0.5 0.65 0.9

a.
a4

0

0

0.5

0.75

0

0

0

0.5

.

As it is seen, the corresponding fuzzy linear ordering is: a l ~az ~a3 ~a4 .
5.4. Aggregation with composition

1]

From W = 0.5
and (13) one has:
[ o 0.5

0.5

ifa;=a j

={ S(T(l,z~),T(O,zJ»=S(z~,O)=z~ if a; "#a j '
i.e. R =Z· = X a Y. According to (12) the max-min composition of the matrices (6) is:
rif

0.665 0.475 0.380 0.475]
0.63 0.45
0.36
0.45

•

Z =XoY=

[

0.525 0.375

0.3

0.375

.

0.35 0.25
0.2
0.25
This composition is Ll-max transitive from Proposition 4.2.2. Then, the perfect antisymmetry
relation R' and the linear fuzzy ordering of the alternatives from the set A are:
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a3

R'=

a 0
T05
2

a.
a4

0
0

a2

at

a4

0.63

0.375]
0.45

0

0.5

0.475 '

0

0

0.375 0.525
0.5

a3

0375

)

a 2 ~ at

0.475

)

a4 ·

0.5

5.5. Comparison between orderings
The comparison of the orderings obtained by the presented above four methods show that the
alternatives a 4 and a l are the "worst" ones. The orderings from examples presented in 5.1 and
5.2 are the same, but the method for obtaining the second ordering is simpler from a
computational point of view. The ordering from the example given in section 5.3 is a quite
different one. This is due to matrix W. The aggregated relation coincides with R. and therefore
R 2 has no influence on R 2 •• This fact is compensated in the aggregated relation computed by the
method using the composition between two fuzzy relations.

6. Concluding remarks
Weighted aggregations are important in decision making problems where one has multiple
criteria to consider and where the outcome is to be judged in terms of criteria which are not
equally important for the decision maker. It is more realistic to use fuzzy relations because they
appear as a more convenient and adequate form for representing the relationship between
alternatives then crisp relations. The fuzzy relations may model situations, whenever interactions
between the alternatives are not exactly determined. Besides that, they reflect the interests of the
experts or the decision-maker. The fuzzy numbers are a generalization of the real numbers (crisp
ones) and they are more convenient for estimation of the criteria importance then the crisp
weights.
Aggregation of fuzzy relations on the alternatives with the help of aggregation operators is the
basic concept in the suggested above models. These models depend on the transformations of the
fuzzy numbers into crisp weights or a fuzzy relation.
The aggregation operators with weighted coefficients are used when the weights are crisp
numbers. Weighted transformations of aggregation operators for uniting fuzzy relations are used
when the weights are not present in the mathematical formula of these operators. The proved
connections between the properties of the individual fuzzy relations and the ones of the
aggregated relations assist for solving the decision making problems.
A combination of t-norm and t-conorm is studied for obtaining a new fuzzy preference
relation when fuzzy relation between the criteria importance is used. This relation connects the
individual fuzzy preference relations with the relation between the fuzzy criteria importance. It is
proved, that this relation preserves the transitivity property under the defmed conditions.
Composition of two fuzzy preference relations in an aggregation procedure is investigated as
well. It is proved, that the composition is max-Ll transitive, if both relations are additively or max
max transitive. It points out that the idea to use the composition to aggregate relations has a
practical application. The newly fuzzy preference relation is used after that. It is proved that the
aggregated fuzzy preference relation preserves the max-Ll transitivity of the composition under
the defmed conditions.
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